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Abstract. In this article we present explicit formulae for g-differentiation on quantum spaces which could
be of particular importance in physics, i.e., g-deformed Minkowski space and g-deformed Euclidean space
in three or four dimensions. The calculations are based on the covariant differential calculus of these
quantum spaces. Furthermore, our formulae can be regarded as a generalization of Jackson’s g-derivative

to three and four dimensions.

1 Introduction

One might say that the ideas of differential calculus are as
old as physical science itself. Since its invention by Newton
and Leibniz, an essential change of these ideas has not
been necessary in the past. Although this can be seen as
a great success, one cannot ignore the fact that up to
now physicists have not been able to present a unified
description of nature by using this traditional tool, i.e., a
theory which does not break down at any possible space-
time distances.

Quantum spaces, however, which are defined as co-
module algebras of quantum groups and which can be
interpreted as deformations of ordinary co-ordinate alge-
bras [1] could provide a proper framework for developing a
new kind of non-commutative analysis [2,3]. For our pur-
poses it is sufficient to consider a quantum space as an
algebra A, of formal power series in the non-commuting
co-ordinates X1, Xo,..., X,,

A =Cl[Xy,... Xl /T, (1)
where Z denotes the ideal generated by the relations of the
non-commuting co-ordinates.

The algebra A, satisfies the Poincaré-Birkhoff-Witt
property, i.e., the dimension of the subspace of homoge-
neous polynomials should be the same as for commuting
co-ordinates. This property is the deeper reason why the
monomials of normal ordering X; X5 ... X, constitute a
basis of A,. In particular, we can establish a vector space
isomorphism between A, and the commutative algebra 4
generated by ordinary co-ordinates x1, xs, ..., Ty:

WA — A, (2)

i1 in) _ Y1 i
Wi .. zin) = X0 ... Xin.,
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This vector space isomorphism can be extended to an alge-
bra isomorphism introducing a non-commutative product
in A, the so-called *-product [4,5]. This product is defined
by the relation

W(f *g) = W(f)-W(g), (3)

where f and g are formal power series in A. In [6] we have
calculated the x-product for quantum spaces which could
be of particular importance in physics, i.e., g-deformed
Minkowski space and ¢-deformed Euclidean space in three
or four dimensions.

Additionally, for each of these quantum spaces exists a
symmetry algebra [7,8] and a covariant differential calculus
[9], which can provide an action upon the quantum spaces
under consideration. By means of the relation

W(he f) = hoW(f), hel, feA, (4)

we are also able to introduce an action upon the corre-
sponding commutative algebra.

It is now our aim to present explicit formulae for the
action of the partial derivatives on these spaces. In addi-
tion we have worked out representations of the generators
of the g-deformed Lorentz algebra and the algebra of ¢-
deformed angular momentum in three or four dimensions.
All explicit formulae belong to left representations, as ev-
ery right representation can be deduced from a left one by
applying some simple rules.

2 g-Deformed Euclidean space
in three dimensions

The g-deformed Euclidean space in three dimensions is
spanned by the non-commuting co-ordinates X+, X3, X .
Their commutation relations with the partial derivatives
%, 83, 0~ can be written in the general form [10]

ONXE = g"P + (R7)GEX 0P, (5)



262

A,B,C,D = 3, +,

where R~! denotes the inverse of the R-matrix of the quan-
tum group SO, (3) and g is the corresponding metric.
Explicitly we have

Xt = X0, (6)
ot X3 = 2X39+ — q2>\)\+X+33,

"X = —q+ ¢ X 0T =@ X3P+ AENA X T,
PXt = q2x+837 (7)

PX2=1+@X3P - @I X0,
PX™ =X 0P @I X307,

Xt =—q '+ ¢'XxT0, (8)
X% =g X%0,
X =X0,

with A = ¢ — ¢~ ! and A\ = ¢+ ¢~'. On the ¢g-deformed
version of 3-dimensional Euclidean space there exists a
second covariant differential calculus. Its defining relations
read

INXB = g4 L (R)ABXCHOP, A, B,C,D=3,+ (9)

Written out, we get

ITXt = X+ot, (10)
ot x3 = q_2X35+,
"X~ = —q+q X0,
PXt = ¢ 2X TP+ ¢ 2N X3, (11)
PXP=1+¢ 22X+ ¢ 3 A\ . X0,
PX = q_QX_ég,
Xt =—q ' 4¢*XTo + q73AA+X38A3
+q 3NN X 0T, (12)

O™X% = ¢ X307+ ¢ AN X P,
X =X0.

These relations yield a Hopf structure for the two sets
of derivatives which can be derived by the same method
already explained in [21]. Using the generators of angular
momentum' L1, L=, 772 and the scaling operator A [10]
one obtains in the first case for the co-product A, the
antipode S and the co-unit € the following expressions:

A7) =07 @1+ A7 2R, (13)

1 One has to pay attention to the different normalisation of
the L“. Analogous to [11] we made the substitution L? —
—37A
—q3L
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AP = P01+ A3 P+ M AT LT 0,
AO) =070 1+ A372 @0 + AN AZ73 LT @ 9P

+PNALAZTE (LR O,
S5(07)=—-A"37320", (14)
S(0%) = —A"70%+ PANA 37T,

S(0F) = —A" 31739 4 QAN AT LT

—*N2ALATETE(LT)%0,
e(0T) =¢e(d®) =¢(07) =0. (15)

In the second case the Hopf structure is given by
AOY) =0t 1+ 473 2 00T, (16)
AP) = P14+ A3 0P+ AN AL 00T,
AD )= @1+ A 27 2R
te M ATE L ® 0P
+g 2NN ATE T (LT R 0T,
S(6) = —Az730T, (17)
S(8%) = —A70%+ ¢ 2ANAZTIL T,
S(O7) = —APr7207+ ¢ AN AT LT
—qTININ AR TE(LT)20,
£(07) = e(8%) =2(87) = 0. (18)
Due to the relation
0% v (fxg) = (90> £)* (O > 9), (19)

the Leibniz rules for products of arbitrary power series can
be read off from the co-product A(94) = 8641) ® 8é) quite
easily [12,13].

For applying this formula, however, it is necessary to
know the representations of the generators L1, L=, 7—1/2
and the scaling operator A, which can be computed from
the commutation relations

LtX*t =XTL*, (20)
LTX3 = X3Lt—gxtr 3,

LTX =X LT— X33,

L Xt =XTL + X% 3, (21)

L™X* = XL +q ' X 772,
L~X~=X"L",

1 1
TTEXE = P2 E e
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1 1
—_= 3_ 3 _—=
TT2X° = X172,

ASXA = 2XAAE, A=4,3.

To calculate the explicit form of their action on the quan-
tum space algebra we iterate the action of the generators on
monomials of normal ordering X+ X3X ~ until all genera-
tors have moved to the right. With the relation 71 = &(T")
and after a possible normal ordering the wanted represen-
tations follow immediately. Such calculations can also be
found in [14]. Finally, in the sense of definition (4) the
action of the generators Lt, L™, 7~%/2 and the scaling
operator A take the form?

Lts f=—¢*a*(DLf)(q ™) — gzt (D% f) (g 22 7),
L™ f=a*(DLE (g ™) +q e (DR f) (g %27),
i f = f(gT", ¢ ),

AE2 b f = f(qFa", ¢ q*Pa7).

(23)

Similar expressions can be derived for the partial deriva-
tives 01, 83, 0~ with the end result

v f=—q'DL, (24)
6% f = D f(ga).
otp f = —qD;Lf(qui%) — q)\$+(D22)2f.

In the case of the second differential calculus the repre-
sentations of the partial derivatives take on a very simple
form, if they refer to the ordering X ~ X3 X*. For this new
ordering we have

OYEf = —aD .f, (25)
05 f = Dj-f(q*x7),

075 f=—q"'DI L fla7?®) + g ham (D)-2) S

In addition, we give the identities

N (U™ f) =UY (945 f), (26)
s (Uf) =00 f),
where?
U-1f — - A\ (353)% 23 (g +1i)
f= 2 N
(pt07) fl@). (21)

(z )Qi —273(Ag +A_ +1)

07 = 2 OV e

2 For notation see Appendix A
3 For notation see again Appendix A
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(pr.n;) 1.

With these formulae at hand, which can easily be derived
from the considerations in [6], we are in a position to deal
with representations of one given ordering, as the operators
U~! and U transform functions of ordering X~ X3X* to
the corresponding ones of ordering Xt X3X~ and vice
versa.

All representations considered so far have been com-
puted by commuting the acting generators from the left
side of a monomial to the right. These representations are
thus called left representations. However, if we commute
the acting generators from the right side of a monomial
to the left, right representations will consequently arise.
But these right representations can be read off from left
ones quite easily, as right representations of a generator
are always linked to left ones via the identity

(28)

oA f = fadA. (29)
From the conjugation properties [10]
XE = —¢F1XTF, (30)
X3 = X3,
oF = —q%0, (31)
93 = —q7653,
67_ = _q_7é+a
L= = —¢*'L7F, (32)
one obtains the translation rules
faL* 5 [T, (33)
fa0t 5 597, (34)
fao® 5 g3 f,
fadt 5 50T f, (35)
fad® 5 503 f,

where the symbol 5 denotes that one can make a tran-
sition between the two expressions by applying the substi-
tutions

a* =T, D — DI AT —aT. (36)
The following shall serve as an example:
o= (P2 £ 20—
2 (D} )P Dy flgs") (37)

B -
— z at (D )2D;'f(q2x+).
The right representations of the generators 73 and A are

derived most easily from the identity

fah=S5"1h)>f; (38)
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hence
farth =57 (r e p =g (39)
faAts = g1 (Ai%) bf=AFEbf.
Finally, let us remark that due to the relation
for =04 (f <04)) (40)

again the co-products of the two differential calculi directly
yield Leibniz rules for right representations of the partial
derivatives.

3 g-Deformed Euclidean space
in four dimensions

The 4-dimensional g-deformed Euclidean space can be
treated in very much the same way as the 3-dimensional
case. For the relations between partial derivatives and co-
ordinates we now have

0'X7 = g + q(R™), X+,
ik l=1,... .4,

(41)

where g% denotes the 4-dimensional Euclidean quantum
space metric and R the R-matrix of SO4(4). With the
notation in [12] these relations read explicitly

Xt =x19t, (42)
O'X? = ¢X20",

X3 = ¢X301,

81X4 — q71+ q2X481,

?X! = ¢X19?— g\ X201, (43)
82X2 — XQ(()Q,

X =1+ X0+ ¢ AX10",

82X4 _ qX482,

PX = ¢X193— A X301, (44)

83X2 -1 +q2X283+q2)\X461,

63X3 — X3a3

83X4 _ qX483,

64X1 — q+q2X184+q2A <X283+X362+ )\X481)7
X% = X204 — A X107,
X3 = (X390 — A X103,
Xt = X140,

(45)

For the second set of derivatives the following relations
hold:

OXT = g" 4 ¢ N (R)IXP, (46)
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1,5,k l=1,...,4
In a more explicit form one can write
X' = X1, (47)
O'X2 = g1 X20 + g AX1?,
H'X3 = g1 X3H + g~ IAX 1P,
XY =g 4 ¢ 2XO = g TANX2P 4 XPOP— AX1DY),

PX' = ¢ X1H?, (48)
62X2 — XQéQ,

32)(3 — 1+q72X332_ q72>\X18’\4,

32X4 — q71X452+q71)\X28A4’

PX' = ¢ X1D?, (49)
33X2 — 1+q72X28A3_ q72AX18A4,

33X3 — X3é3,

33X4 — q_1X433+q_1)\X38A4,

*X' =q+q X104, (50)

é4X2 — q—1X28A4
54X3 — q—1X36A4
Xt = X191

From these relations we again can deduce a Hopf struc-
ture for the derivatives 0°, i = 1,...,4, which in terms of
the U, (so4) generators L, K; (i = 1,2) and the scaling
operator /A becomes

A@Y) = 0'@1+ A K KS 00, (51)
A@%) = @1+ AV K TK} © 0
YOATKI K LT 9,
AP =01+ M KK, @0
YO KIKILT ® 0,
A@Y) =001+ MK 2K, * @ ot
CENMBKIKILTLT @0
MK KL 9?
EAVES o) endnd-¥ il
S(Y) = —A~3 KT, 291 (52)

S(0%) = —AT KK, (0>~ AL 9,
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S(%) = —A"F K| TKF (0P — ¢?ALY),
S(0") = A" K7 K3 0"
CPAMTEKEIKE (L4 L 0?)
— N ATKP K LT L0,
£(0) = £(0%) = £(9%) = ¢(0") = 0. (53)

In the same manner we get for the other derivatives ot
i=1,...,4,

ABY =@l + A 3K PK, @ (54)
AT EKP KL Ly 81
MR R, LT 2
CIMUIKTTKE Ly 0 8,

AP) = Po 1+ ABKIK, * © 8
AR K Ly 0 6,

A = P01+ A K KE @ 8°
bIMTAKIKILT 0 81,

AP =91+ AP K2KE 8,

S@OY) = —A K7 K6 (55)
CIMIKEKE (LT 92+ Ly 6%)
AR K KELT Ly 61,

S(8%) = — A3 Ky P K3 (92— g 2AL; %),

S(8%) = —AS Ky Ty ? (85— g 2ALT OY),

S(OY) = —AB K, Ky 70",

£(0Y) = e(8%) = e(8%) = e(8*) = 0. (56)

Note that the above expressions again yield Leibniz rules
for products of functions, if the representations of the given
Uy (so4) generators and the A operator are known. Toward

this end we need their commutation relations with the
quantum space coordinates, for which we have [15]

LiX' =¢X'LT — ¢ ' X2, (57)
LIX? =q¢ ' XL},

Ly X3 =¢X3LT + ¢ 1 X4,

LIX* =g XL,

LiX'=q¢X'Li—q'X?, (58)

LiX%=gX?Li+q¢ ' X*,
LiX3 =q X317,
LiX*=q 'X*'LY,

Ly X' =q¢X'Ly,

L7 X? = ¢ ' X207 — qX*',
Ly X% =¢X?Ly,

Ly X* = ¢ ' X L] + ¢X3,
Ly X' =¢X'L;,

Ly X? =¢X?L;,

Ly X3 =q¢'X30; — ¢X*,
Ly X* = ¢ ' XLy + ¢X?,
K X' =q ' XTK,

K1 X? = ¢X%K;,

K1 X?=¢'X3K,,
K1 X% = ¢X*Ky,

Ko X' = ¢ 1 XK,

Ky X? = ¢ 1 X2K,,

Ky X3 = ¢X3K,,

Ko X* = XK,

AX =2 XA, i=1,...,4.

Lv f=a"Dh f(gz', g '2? ¢ 'a?)
~+? Dl fla™'e"),
Livf= z4D§2f(qx1,q71x2, q ')

23Dl flg~ ),

Ly > f=q2’Dyf(gz',q 2, qu®)
_qx1D§*2f(q$1)a
Ly f= qwng,zf(q:cl,qxz,q_la:S)

qulDZ’_Qf(qxl),
Ko f=f(qg 'a", g2, ¢ '2®, qat),
Kov f = f(g 'zt g '2?, q2®, qz*),

AT f= f(q:tlx17q:|:1x2’q:tlx3,q:tlx4).
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(61)

(63)

In normal ordering X! X2X3X* these relations lead to left
representations of the following form:

(64)
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Accordingly, the representations of the partial derivatives
0%, i=1,...,4, can be written as

v f=q'Djof(g 2?2
+¢ '\\e'D2 LD o f,
> f = Dg2f(g 2",
03 > f = D3—2f(q71x1)a
O*>f=qD).f.
For the sake of simplicity the representations of the unhat-
ted partial derivatives refer to a different ordering, namely
X4X3X2X" In this setting they are given by
'5 f =qDy f(gz?, qz®) —

&6 f = D2 f(qa"),

(65)

4 2 3
q)\ac Dq2Dq2f, (66)
O*6 f = D f(ga?),
0'6f=q7'Dpf.

and if we want to have representations belonging to one
given ordering only, we can apply the formulae

> (U7 f) = U795 /),
BWUf) =0 > f).

(67)

with
T SIVCii
P~

i=0

(f2+3) (N1 +na+1)

~ (D;*,Q.D;f?)i (@)

Uf Z Y ) (Rets) (R +ia+i)
Using the conjugation properties [15]

XT— X

X2 = X3,

X3 = X2
X4 = ¢X',
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L?: = q:F2Lz'$’

1=1,2, (72)
and taking the considerations mentioned in the last section
into account we again find the translation rules

Fao ¥ 19 b (73)
Fad L e f, i=1,... .4,
f<L+]Hj q L > f,

FaLy 5 BLbof, i=1,2

where ¢/ = 5 — 4. The symbol £ now indicates that one
can make a transition between the two expressions by the
substitution

2 s 2t

D}. «— Dl., (74)

where j =1,...,4, 7/ =5 — 4. An example shall illustrate
this:

DL.D2 f(qr', ¢*z®) (75)

<
AR ¥ D, D3, f gz, ¢°a?).

Last but not least we have to treat the representations of
the diagonal generators K1, Ks, A, which can be derived
from the identity (38) quite easily. Thus we have

faKy = (K)o f, (76)
faKy = (Ky) o f,
faAF: = AFipf. (77)

4 g-Deformed Minkowski space

From a physical point of view ¢g-deformed Minkowski space
[16-18]* is the most interesting one of all considered cases.
In addition, a treatment is desirable which pays attention
to the central time element X [20]. The general form of
the commutation relations between partial derivatives and
space-time coordinates now reads [10]

0P = g R
A,B,C,D =0,3,+,

XCaP, (78)

where nAB denotes the metric and IA%H one of the two
R-matrices of g-deformed Minkowski spaces. For the sake
of simplicity we introduce the light cone coordinate X 3 =
X3~ XY and the corresponding partial derivative 93 =
0% — 0°. In terms of these quantities the above relations
become

X3 = X39°, (79)

4 For a different version of g-deformed Minkowski space see
also [19]
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PXt = X0+ ¢ AX30T,

PXP =1+ ¢ 32X+ ¢ 2T X30%+ ¢ 2AX 0T,

PX™ =q X,

ot X3 = g2 X309+,

OrXT = XTor,

X3 = X320t - MFIXP0T - MTX T3,

OTX~ = —q+q2X "0t — q71>\)\11)~(383’

0™ X3 = X300+ ¢ IAX 0,

O~ Xt = _q—l+ q’2X+87+ q72/\)~(330
NP G AR Gl
+(f1/\/\J—rlj(:s(r;:’,7

9~ X3 — q_2X36_+ q_2)\)\;1)~(33_
AT (L4207 )X+ IAX T,

"X =X"0,

(80)

(81)

X? =14¢72 X%+ PAX 0T = MTTXP%, (82)

XT =g 2X T+ ¢ AX30T
_)\)\115(3a+_ )\)\J—F1X+537

°X? = X39°— A1 X3°
+g AN (XToT - XToT)
+q T INTIXBP - MTIXP0%,

X = X0+ ¢ PN X TP - X0

For the second differential calculus we have the relations

IMXE =P 4+ ¢ (R) & X",
which gives in a more explicit form
535(3 _ X—3§3

PX~ = X~ — X3,

PPX3 =14 ¢>X30° — AN X30% — PAXTO,

53X+ = q2X+53,

o~ X3 = q2)~(3é_,

X =X0,

O~ X3 = X309+ MIIXP0 + MIX 0,
Xt = g '+ @XTO + N X307,

(83)

(84)

ot x®
otx—

ot x3

orxt

99x3
X~

aAOX3

OXTt
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= X309t — gAX T3, (86)
= g+ X0 - PAXPO+ PNEX T
—PAXE T — N LXBOS,
— q2X3(§+7 q2>\)\_—~_1X38A+
ST 4 2¢7) X TP — gAX Y,
= Xtot,
= 14 X300 PAXTO + T X30%,  (87)
= ¢?X 0= gAX?0~
AT X0+ AN 0%,
= X3+ M X3+ g\ HX 0T - XTo)
—PINIXPP 4 N IXPP,

= X" — AT XT3+ MNP0

From these relations we can again deduce a Hopf structure
[21]. In terms of Lorentz generators T+, T—, 73, T? St

1

71, 02 and the scaling operator A the Hopf structure of

the derivatives 9°, %, 8~, &3 becomes

AP =P1+ 4700

(83)

—P NI ()8 0

AOY) =0t 1+ A3(r%) 20%@ at

—AATIAMIT 0 B,

=90 ®1+43(r%)3rl® 0"

—EAIAME S O
“NAZ ()T S e O0F
R VRSV RSl N

NS 0 B

=°® 1+ A202® O°

AT IAE () Sl ot
AN T 5

—q)\frl/l% (' —o®) ® 9,
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S(8%) = —A"4025 — ENIAATE S0

S(0F) = — A7 B (B0t — AT EAATITR(H)

1

(89)

563,

S(07) = —A"30%(7%) 730" — g EAIAATE (1) 5 S1°
+

+g 2N ATE (P RS T ot

-I—q_g)\;%/\/l_%(T?’)_%aQT_ég

—gTEA AR (%) S5,

S(8°) = —A~3 7190~ 3ATIAAT T2

2 1 1. -1 1
S DYV Tl AN WPV Ti N

FATIATE (G2 = )P AN AT I TR TP,

£(8%) =e(8r) =e(07) =¢(8°) = 0.

Similar expressions can be found for the second set of

derivatives:

AD°) =
A(D7) =

A(0F) =

2{ 1 2
Felt+Az (%) 20?0 o
—ANIMMTET? 0 0

@1+ A2 0

—ATAMTE () SR 0P,
o1+ A" 2020 5"
—NIMATET2(r3)E @ O

— AT AT o
_gAThAA ()T
+@PENAT T T R O,

@1+ () 0

I MRS R O
—q%)\;%)\A*%(qT+ LT b
ATAZAT () AT 5

+q’1/\;1/1’%(73)*%737'1® o3

(90)

(91)

(92)

—q%/\;%)\/l% (qr'T™ + T2)8~3

—*NAT2THO

Jrq%)\;%)\/l% (7’3)7%7'3,17237

SATIAZA3 (73R TSP

—qulA% (73)7% (0% — 7'37'1)53,

(0%) = £(d%) = 2(d) = () = 0.

(93)

The Leibniz rules can be read off from the formulae for
the co-product as usual, if one knows the representations
of the given Lorentz generators and the scaling operator
A. These representations, however, can be obtained from
the commutation relations [21]

T+X°
T+X3
THXxX+
THX~
T7-X°
T-X3
T-X~
T-X+
TBXO
7_3)2'3
BXT
.
T2X°3
T2X+

T2X~

T2X? = gX3T2— ATIARPT? 4 ¢ 3A2 X HrL,

Slx3
Stx—

= X017+,

= X374 g AR X
= 2 XtT

= X T+ IAI X,
= X071,

= XTI X
=X T,

— X 4+ AT X,
— X073,

— X373,

— X,
=q¢'X"7°,

— X7,

— gXtT?,

1 -
= ¢ ' XTI g A X

= ¢X°5",
=qX 5,

(94)

(96)
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SiX* = q_1X+Sl—q_%)\J_r%)~(302,
~ _1
Slx3 — q_ngSl—&—q_l/\Il)\X?’Sl— qé)\Jer—Uz’

X3 = q)~(37'1,
X = qileTl

(99)

Xt =gXTri— q%/\;i)\QX:st,

TIXP = X3 g TN IAR R - B NPX T,

02 X3 = " 1X3%02, (100)
2 Xt = ¢ X to?
02 X™ = gX "o+ qF A A2 X3S,

~ _1
o’ X3 = qX?0? — QAT AXP0% + q_%/\+2)\2X+S1,
AXA = ¢72X4A, A=0,3,+. (101)

To calculate representations for partial derivatives and
Lorentz generators we need to take special considerations
into account. We want to demonstrate this by a short ex-
ample. By multiple use of the relations (84) and (85), one
can show that the following identity holds:

53()(3)” (102)
n—2k n—2k—j1 n—2k—ji1—...—j2r—1
= Z B DD DR >
j1=0  j2=0 Jor=0
. q_Q(”—Qk)+2(j2+j4+---+j2k)
. (X3—|- )\)\;1)}'3)”—216 (X—X-i-)ké?)
(2] n—2k—1  n—2k—1—j1—...—jor
ey e ST
k=0 j1=0 J2k+1=0
. q—Q(j1+j3+-<~+j2k+1)
(X MNIX) RN XXX T
(2] n—2k—1  m—2k—1—j1—...—jar
SIS S S
k=0 71=0 J2k+1=0
. q*2(j1+j3+-~~+j2k+1)

.(X:;Jr A)\;lX—B)jﬁszrmJ’zwl
) (X7X+)k(XS)n72k717j17---*]‘2k+1’

where [s] denotes the biggest integer not being bigger than
s. To go further, one has to overcome two difficulties.
The first one is to give normal ordered expressions for
(XTX7)? and (X~ X1)*. Towards this aim we start from
the relations

P2 = —a (X0, X3+ A\ XX, (103)
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i = —a, 1 (X0, X3) + A XTX
where _ ~ ~
ag(X°, X%) = A(X°)*+ oA, XOX3, (104)
and solve for X~ Xt and Xt X~. Thus we can write
(X™XH)F = (M) 7P+ ag (X0, XP))F (105)
k
)\+ kZ( )AQZ a/q XO X3))
=(\4) ’“Z ( > Z/\” (XHyp
.(aq(XO’q2pX3))k—i
'(Sq)i,p(XonS)(Xi){
(XX = () H (24 a1 (X0, X5)F (106)
(A4) kz< )ZA” (Xt
-(aq—l(XO,QQI)X?’))k_
'(Sq)i’p(XonS)(X_){
where
(Sp)kw(2°, %) (107)

)1 ifv=k, '
e Sy o TTSY ag(q® ).

For the second equality in (105) we have used the fact that
72 and a, commute. Furthermore, for the third equality in
(105) we have inserted the normal ordered expression for
powers of 72 which has been taken from [6].

The second problem we have to address has to do with
the question: how can we generalize our representations
to arbitrary functions? As opposed to the Euclidean cases
we cannot rewrite the recursive sums in formula (102) in
terms of g-numbers only. However, it should be rather ob-
vious that these recursive sums can be identified with the
following quantities:

(Kn)(kl"“’kl)

A1 yeeny ag

(108)

o (Kn*lﬁ* *kl)(kl)

a;

= (K)o (Ko )2 o ..

az

where
n—k n—k—ji1 n—k—ji—...—jr—1
(k) Z Z Z aj1+j2+---+jk
j1=0 j2=0 J=0
(109)
and
(Kn)®) o (Kg)y (110)
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n—k—l—j1—...—jrkt1-1

aj1+~~+jk . bjk+1+~-»+jk+1 .

n—k—lI
j1=0
Now, the point is that these quantities can be used for
defining new linear operators, if we require for arbitrary

powers of = the following to hold:
— (K )(k}l,‘“,k}l)xnfklf.“

njay,...,a

Jk+1=0

D(}Cl, k?]) n

—k
ai,...,a; :

Thus, it remains to derive general formulae for the ac-
tion of these operators, a problem which is covered in Ap-
pendix B.

In principle, we have collected everything needed for
writing down representations of the partial derivatives and
Lorentz generators. Before doing this let us fix some no-
tation that will be used in the following. First of all we
abbreviate

K,
(D} M = DIy, (111)
3 \k,l — (kD)
(DQ,q) = Dy_/at3,q2y_/:v3’
3 kL — py(kili,g)
(D?’xq)i,j = Dy+/w3,q2y+/l37y7/$3,q2y7/w3’
where
0 -3 2qi1
yi:yi(w,x)—x—&— )\+ (112)

It should be clear that these operators have to act on the
coordinate x? only. Additionally, we make the following
definitions:

(ME)] (@) =

- <Ij))‘]+ (aqil(qzji?’))i (zta™

+ 53

(Mi) (20, 2%, 83, 27) (113)

(2]

(M*) () =

10 e

. (x+177)u (Sq)i_;,_j’u(dfo, ,f?g)

Notice that in what follows the normal ordering for which
our formulae shall work is indicated by the sequence of
coordinates the given functions depend on. In this way
the representations of the conjugated partial derivatives
become

53 > f(xt, a3 23 27) (115)
—Z% Y. (M) @)IT);f,
0<i+j<k
O™ > flat i, 2% 27) (116)
=—q 'DLf
A — Kk +\k —\i
DI DR (VA eI

A
T k=0  0<itj<k
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T (M) ()T )3

> {)@ris

MM @)1 }

A
DY

T o<k ti<oo

YY Y

=0 j=0 0<u<i+j

_AZ

A
T 0<k+i<oo

z ] u )(TS )k lf
aliJrlJrl

k141

22 >

1=0 j=0 0<u<i+j

Vi @ (TG,

,JU

v f(zt, 7%, 2%, 27)

oo

_ k

=2 af >
k=0

0<i+j<k

(118)

{(Mﬂiij(a»(TP);if

e 3

T 0<kti<oo

ZZ Z 7ju )(TS)klf
1=0 j=0 0<u<i+j
g
v

T 0<kti<oo

k41
oy

k+1

TY Y

=0 =0 0<u<i+j

-1 IR RAs|
AL § o af
0<k+I<oco

i @@

k 1+1

22 >

1=0 j=00<u<i+j

yeli
)i @@,

where )

A
ay = *QQATa p=
+
To get expressions with a more obvious structure we have
introduced the abbreviations

(T3/0)i = [<03/0>if

g+ A (119)

] (@2, (120)

3 —204-13/0
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(T3 = [OT)if Loy oaore | @9 02¥0),21)  (@)af = a7 (DR
ey B —PN\"I\2+ 58 D (D3 )ktLk
(T30 = [ O sy (@), TN DaDagiaiin f
+
J
+ — D3 (D3 Vkk+l
A . (02 )kf—fl' Dq2(D1,q) ’ f7
=[O0y, — 5 O, | ),
()5 (@ )ef = (g+ At (D3 )i f (129)
2);
24,400 —1y,3\ (3 Vet+lEk+1
. —q )\l‘ (Z + q )“T )(DS,q)l 1+1 fa
= [ODif |3 gopgoro + (ODif|oL o, | (@), |
a?y- 3 \k+1,k+1
(Q;)k,lf = x+(D3, )l L1 -
(TEF = [(@Dkaf | sopgo] (@ 2¥°), .
v et et In the same way the representations of the Lorentz gener-
ators are explicitly given b
(T = [@Dkat | o yop o] (@ 2%°), e Y
A fx, 2%, 23 27) (130)
TOVEL 0 2u,3/0),
(T5)u"f [(Q3)’“’lf’r3—>m°+r3/°] = flqg %t ¢ %20, ¢ %23, ¢ %27),
(@) = [(O)i ooy, | @2*0), (123) e flat,af, 5 e) (131)
= flg” ", "),
Vi + 3/0 .
(15);f = {(02 )if|x3—>y+} (72/"), T+ f(z*,2°, 3%, 27) (132)
1 -
(T?)Jr)glf = [(Qf)k,lf’acs_mo_,_ﬁm} (q2ux3/0) = q_%)\i [xODq_Qf +533D;1f +qx+D32f} (q_2$+)7
(TH)'f = [(Qg)k,lf’zs%oﬂs/o} (¢*2*), T o f(at,2, 3%, 27) (133)
1.2 ~ — 7 —
which, in turn, depend on the following operators: =qA} [xOD;r‘zf + $3D;4f +qx Dg’?f] (¢ %),
(O*)if = (D3 )1 f(gPa™), (124)  T%p f(a™, 2% 3% ") (134)
(O1)ef =2~ (D5 )11 f(g*a™), (125) = Zao S L)k @)@y
(03)nf = FDL(D3 )P f(q*a™), sk
) g H M) (@)1 f
(ONwf = D(D} )" f (126)
. 1 + .3 23 -
*q?’)\;l)\QI+£Z'3 D(—;Dgz (Diq)k’k+1f7 S Df(x T, T, T ) (135)
(ODnf =2~ (D} ;)DL f(g°7%), - Y ah Y {d )l @) s
—0  0<itj<k
(O9)1f = ax* D(DE )41, S—
+q 2 (MF)F (@) (T9)5f ¢,
(ONxf = DL(D} ;-)"" D f, ’ !
e floT, 2?83 27) (136)
(@kaf = (4 ¢ €)Y (D3 )T (127) ~
_ - = k )k Ay
+aN Mg+ A)atF DL (DR kZ:O ag 0<§_<k{ (M) @) (T3)5f
—QSA;1A2I+E3(IO+ q71>\5:3) )\2 '
O e,
DL(D} ) At " !
(@i = (D3 )i, o? > f(zt, 2 8 a7) (137)
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= ag (M) (@) (T); f,
k=0  0<it+j<k
where ag = —(A/A4)?. For the purpose of abbreviation
we have again set
(T o f = | (ODfl s, | (@2), (138
(T o f = | (OS5, | (@20, (139)
(T e f={(ODf],5s,, | (@2*0),  (140)
(T f = _(0§)kf|x3_>y+< (q72*°),  (141)
(@) e £ = [(ODeflus,_ | (@9a®0),  (142)
(T5)5 o £ = [0Sl | @P2™0),  (143)
where
(OD)if = ¢ '@ (D} ;)P (144)
D f(qzt, g3, g7 a7,
(Og)kf = z+(D:13,q)k’k+1f(qx+a qiga qilxi)’
(OD)kf =g '#(D} ;1 )* (145)
D;;f(q_ x ’q—lj3’q$—)7
(O3)if =2~ (DF ;) (g e, g%, qa™),
(ODwf = (#°)°DL(DT )" (146)
D f(gz",q 3% ¢ a7),
(O3)kf = (D} )  flqz™,qi®, g7 27)
—QA L Nt E DY,
(D} )R f (gt qi® g ),
(OPkf = qi’x™ (D} )M
D, f(gz™, 2% ¢ a7),
(OM)if = (D} ;- )"F (g 2t 718, qu™). (147)

Now we deal with representations for the partial deriva-
tives 0%, p = 0, 4,3 which can directly be obtained from
representations for the conjugated ones, if we apply the
following transformation:

RV
oF > f,

>
<~

oFs f (148)

P f X Ry o f
?
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which means concretely that the substitutions

Dy — DI, fx— —iz, ¢ g7 (149)
interchange the different representations. It is very impor-
tant to notice that the representations on the left hand
side of (148) have to refer to a different normal ordering

given by X~ X3X3X*. However, by the identities
oo (U f) =T (05 1),
“E(UF) =U (0" f),

(150)

with

Uty

204 A+ (Ap +7_ ) (2R3 +i)+2Rai

(151)
kg:i [[]]g2![[7]] 42!
q

(PR D)) 0 ),

uf
(Ry-)is(2)
‘Z( ) DI 5

72’fl+’ﬂ7 7(’ﬂ++’ﬁ7)(2’ﬁ3+i)72’ﬁ3i

(152)

k+j=i
q

(D) (D7) f) (@0 d a7 g )

q q

the representations for ordering X ~ X3 X3 X+ can be trans-
formed into those for reversed ordering X+ X3 X3 X ~. The
reason for the existence of (148) should be clear from the
fact that the substitutions

2® — 53, (153)
9% — §°,
oF = §F,
X+ 5 XT,
-1

q—q

interchange the relations (79)—(82) and (84)—(87).
Finally, from the conjugation properties [10]

X0 = X9 (154)

(155)
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ot = —¢°0™,
67_ = _q3é+’
T* = ¢7°77 (156)

we can derive the following rules for transforming right
and left representations into each other:

fad® 25 —¢10%s (157)
Fad® 25 108 f,

faoF 5 _¢16F o,

fad® 5 100 (158)
Fad® 25 188 f,

fadE S5 197 s 1,

faT* 5 _¢BTF b (159)

where the symbol 25 has the same meaning as in Sect. 2.
Once again the simplest way to determine the right repre-
sentations of the remaining generators is described by the
identity

fah=8"*h)of. (160)

With the Hopf structure of the Lorentz generators at hand
[11] we end up with the expression

faT? = —(7%)3T%p f, (161)
fast=—g ()28 f,
fart=o?>f, (162)
fao?=1lpf,

fard =)o f, (163)

faAd=A"1> 1.

5 Remarks

Let us end with a few comments on our representations.
First of all, from a physical point of view partial deriva-
tives are objects generating translations in time or space.
According to

O f = (0 o+ Y _ A9,

>0

(164)

their representations can be divided up into one part reduc-
ing to ordinary derivatives in the undeformed limit (¢ = 1)
and a second part of correction terms disappearing in that
case. The existence of the correction terms can be well un-
derstood, if one assumes that non-commutativity results
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from a coupling of the different directions in space. Thus
a flow of momentum in only one direction is in general not
possible and the corrections should be responsible for this
feature. So far we can sum up that the situation in non-
commutative spaces seems to be similar to that of solids.
In fact, if such a solid state has to undergo a deformation in
some direction, the other directions will also be influenced
due to their coupling.

A Notation

(1) The g-number is defined by [12]

, a,ceC. (165)

(2) For m € N, we can introduce the g-factorial by setting
| P (166)

[0]]o! = 1.

(3) There is also a g-analogue of the usual binomial coeffi-
cients, the so-called ¢-binomial coefficients defined by the
formula

(167)

where a € C, m € N.

(4) Commutative co-ordinates are usually denoted by small
letters (e.g. #, x~, etc.), non-commutative co-ordinates
in capital (e.g. Xt, X, etc.).

(5) Note that in functions only such variables are explicitly
displayed which are affected by a scaling. For example, we
write

flgx™)
instead of
f(q2x+, z3, x7).

(6) Arguments enclosed in parentheses shall refer to the
first object on their left. For example, we have

Dy f (a2") = Dj: (f (¢*27))
or
D;; [Dqﬁf + Dq}f} (q2$c+) = D;; ( [Dqﬁf + Dq}f} (q2x+)).
However, the symbol |/, applies to the whole expression

on its left side reaching up to the next opening bracket or
=+ sign.
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(7) The Jackson derivative referring to the coordinate x4
is defined by

flat) — fg*z?)
DAf= , 168
/ (1—q)a? (168)
where f may depend on other coordinates as well. Higher

Jackson derivatives are obtained by applying the above
operator Dfa several times:

(Dy)f =DyDi ... D f. (169)
N—————

i times
(8) Additionally, we need operators of the following form:

0
A A

n

(170)

B New Jackson derivatives

In the calculations of Sect.4 we have introduced the fol-
lowing quantities:

—k n—k— n—k—ji—...—jr—1
(k) = Z Z Z aj1+j2+...+jk.(171)
120 72=0 =0

Additionally, we have defined an operation o by

(K)o (Ko i)y (172)
n—k—l n—k—l—ji—...—jkt1-1

= Z Z aj1+~~~+jk . bjk+1+-~+jk+17
Jj1=0 Jre+1=0

leading to new expressions denoted by

(K)o (173)
= (Kn)t(z]il) © (Kn k1)¢(z];2) .. 0 (K’ﬂ*klf *kz)t(zllﬂ)'

Furthermore these new quantities show a number of simple
properties, for instance,

(1)

k n
) = (7). (174
(2)
(Kn) D = (F,) D (175)
(3) .
(Fo)mk) = (K a0 (176)

where 7 is any permutation of the {1,...,1}. Due to these
properties the quantities of (173) can be divided into three
different sets:

(1)

(177)
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with a; # 1 for all ¢ € {1,...,1},
(2)

Ktk
() (178)
with a; # 1 foralli € {1,...,1 — 1},
(3)
k
(K"
It is now our aim to show that each (Kn),(llfl,f_f;(;lfl) can be

expressed in terms of the binomials (Kn)gk). Towards this
end we need the following additional rules:

(1)

k—1
(K)P =1 -a) =3 a m=k(F,)\™ (179)
m=0

(180)

a,l

N (k . m)

m=0

(1= ) ()™

(K)o o (075774 (K ) @\ )s1)

ai,...,ap C1,--+,Cp
—ki—...—k kiysk) e N(qu,...,
= 0 () ) o (Ko
b

which can be verified in a quite elementary way. From these
rules we find a recursion relation; we have

(K)o (182)
= (Kp)ike ) o (Koo - )Y
]lel
- _ Z a7—k1—...—kz71—m. (1 _ al)m—kl (Kn)(ail ..... I;;:I,T)
(1= @) MK Sy,

Using this relation repeatedly the quantities of the first
set can now be reduced to those of the second one, as one
gets

i,k
(Kn) (183)

.....



C. Bauer, H. Wachter: Operator representations on quantum spaces

k‘ifl
YR (g () b,

In the same way the quantities of the second set can, in
turn, be reduced to those of the last one by applying an-
other recursion relation given by

(Kn)(khm,kz)

ai,...,a;—1,1

(184)

= (Kn)(kl’ ki-2)

ay,...,01—2

_ i (pybm (B + iy = m
— kl,1 -1

ki—1,k
(Kn—kl—...—kl,g)(l 1ko)

aj—1,1

)

m=0
H(1 = @) TR R () ez )
ki_1—1
ki+k_1—m-—1
—(=1)k
SV (]
m=0
’2’7/ 1k1— _kl—z_m(l _ alil)m—kl—k}lfl

(1) B

ag
a1’ a1’

If we introduce operators acting on powers z” by

k1,...,k n—Ki—...—
D(kl,kal)xn _ (Kn)t(zl, ,all) k1 kl, (185)
a,...,a; 0’ 1fn<k1—|—+kl7

the relations (183) and (184) correspond to the identities

D&k f () (186)
! 1 ki—1
— S a0 S (= agym
i=1 j=it+1 m=0
<D( ki1, )f> (a;x)
271’ . '; 1 1 7 i
where a; # 1 for all i € {1,...,1}, and
k
D((lli Ay — 1,1f( ) (187)
ki
- S
m=0 ki1 -1
(o —agayn R R D™ (o)
ki—1—1
ki + ki1 ml)
— (=1~ <
(-1) WZ::O b
(= apqm)" TR (D(kl’ k’azz’ )1f) (a1-17),
a1’ e

where a; # 1 for alli € {1,...,l—1}. With these formulae
at hand one readily checks that the derivative operators
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D,(llfla]fl) can always be expressed in terms of the simple
operators
k
(k) _ 10
D () = o (). (18%)
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